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Abstract 

Based on the light-cone (LC) framework and the k? factorization formalism, the transverse 
momentum effects and the different helicity components' contributions to the pion form factor 
Ftt(Q 2 ) are recalculated. In particular, the contribution to the pion form factor from the higher 



CN ! helicity components (Ai + A2 = ±1), which come from the spin-space Wigner rotation, are analyzed 

in the soft and hard energy regions respectively. Our results show that the right power behavior of 
the hard contribution from the higher helicity components can only be obtained by fully keeping 
the kx dependence in the hard amplitude, and that the kx dependence in LC wave function 



> 



I affects the hard and soft contributions substantially. As an example, we employ a model LC wave 

function to calculate the pion form factor and then compare the numerical predictions with the 
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experimental data. It is shown that the soft contribution is less important at the intermediate 



Q_i' energy region. 
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I. INTRODUCTION 



In the perturbative QCD (PQCD) theory, the hadronic distribution amplitudes and struc- 
ture functions which enter exclusive and inclusive processes via the factorization theorems at 
high momentum transfer can be determined by the hadronic wave functions, and therefore 
they are the underlying links between hadronic phenomena in QCD at large distances (non- 
perturbative) and small distance (perturbative). However we require a conceptual frame- 
work within which the connection between the hadrons and their constituents can be made 
precise. A particularly convenient and intuitive framework is based upon the Fock state de- 
composition of hadronic states which arises naturally in the 'light-cone quantization' 
A light-cone (LC) wave function is a localized (i.e. normalizable) stationary solution of 
the LC schrodinger equation id\^/(r)) = Hlc\^(t)) that describes the evolution of a state 
|^(t)) on the LC time r = x + = x° + x 3 in physical light cone gauge A + = A + A 3 = 0, 
which is conjugate to the LC Hamiltonian Hlc = P = P° — P 3 . The LC wave functions 
are the amplitudes ^ n (xi, k_u, Aj) to find n particles (quarks, antiquarks and gluons) with 
momenta fcj in a pion of momentum P, i.e., ^(k±, ■ ■ ■ , k n ; P) = (n|7r) = (ki, • ■ ■ , fc n |7r(P)), 
where Xj = kf /P + , with J2i 

X 2 1 j IS the LC momentum fraction of the i-ih quark or gluon 

in the n— particle Fock state. 

An important issue, which has to be addressed when applying PQCD to exclusive pro- 
cesses, is how to implement factorization, i.e., separate perturbative contributions from 
those intrinsic to the bound-state wave function. Both collinear and fcr factorization are 
the fundamental tools of PQCD. If there is no end-point singularity developed in a hard 
amplitude, collinear factorization works. If such singularity occurs, indicating the break- 
down of collinear factorization, (one may find a concrete example in the semi-leptonic decay 
B — > 7r/z/[3j), then kr factorization should be employed. In the kr factorization formula, by 
retaining the dependence on the parton transverse momentum k^ and resuming the resultant 
double logarithms a s \x? kx into a Sudakov form factor, such singularity does not exist jj]. 
Since the kx factorization theorem has been proposed Q, 0], it has been widely applied to 
various processes. Until recently, a better proof of the factorization theorem for exclusive 
processes in PQCD has been provided by M. Nagashima and H.N. Lip]. Their starting 
point is that the on-shell valence partons carry longitudinal momenta initially, and then ac- 
quire hr through collinear gluon exchanges before participating in hard scattering. A hard 
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amplitude, derived from the parton level amplitudes with the gauge-invariant and infrared 
divergent meson wave function being subtracted, is then gauge-invariant and infrared- finite. 
Through this way, they demonstrated that all the physical quantities from the kx factoriza- 
tion theorem are gauge- invariant. Therefore for the pion form factor, when in the enere 
region that PQCD is applicable, we can ta k e the fo.lowin g facte— 



FAQ 2 ) = J [ dx id^An[dyjd\ j± \ m Tl)* n {x h k i± , \i] fx)T nm (xi, ki±; y jt l j± ; q i± ; /i)V> m (%-, Xf, fi) 

n,m,Xi j 

(1) 

where summation over all helicities (Aj,Aj) and n, m extends over the low momentum states 
only, and T n m are the partonic matrix elements of the effective current operator, /x is the 
energy scale separating the perturbative from the non-perturbative region, and in order for 
the perturbative approach to make sense, /i has to be much larger than Aqcd so that ct s (fj,) 
is small. 

We notice that although most of the calculations show that PQCD is self-consistent 
and applicable to the exclusive processes at currently experimental accessible energy region, 
the numerical predictions for the pion form factor are much smaller than the experimental 
data. There are two possible explanations: one is that the non-perturbative contribution 
will be important in this region; the other is that the non-leading order contribution in 
perturbative expansions may be also important in this region. To make choice between 
those two possible explanations one needs to analyze the non-leading contributions which 
come from higher-twist effect |1(J], higher order in at..jll|. and higher Fock statesQ etc.. 
Employing the modified factorization expression for the pion form factor proposed by Li 
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and Sterman |5j, Refs.[12| considered the effect of the transverse momentum (kx) in the 
wave function and found that the transverse momentum in the wave function plays the 
role to suppress perturbative prediction. V.M. Braun eta/.[lj| gave a detailed quantitative 
analysis of the pion form factor in the region of intermediate momentum transfers in the 
LC sum rule approach and they observed a strong numerical cancellation between the soft 
contribution and the power suppressed hard contribution of higher twist and then the total 
non-perturbative correction to the usual PQCD result to be of order 30% for Q 2 ~ lGeV 2 . 

One of the other sources which may provide non-leading perturbative contribution is the 
higher helicity components in the LC wave function P, [3 However, the results for 
the contribution coming from higher helicity components to the pion form factor in the 
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high energy region are conflicting in literature 15|, |17|. The hard scattering amplitude for 
the higher helicity components of the pion form factor at the leading order of a s (Q 2 ) was 
given by Ref.fl in the LC framework. In present paper, we recalculate all the helicity 
components' contributions to the pion form factor within the LC PQCD framework, which 
is consistent with the using of LC wave function. Our calculation keeps the transverse 
momentum dependence fully in the hard scattering amplitude, i.e. such dependence is 
kept in both the quark propagator and the gluon propagator, and the resultant expression 
gives the right power behavior of the hard contribution from the higher helicity components 
as Q 2 goes to large energy region. Furthermore, we carry out the numerical calculations 
for the hard and the soft parts of all the helicity components' contributions. In order to 

n n 

explain our picture and to clarify the difference between Ref. [17[ and Ref . [15[ , we employ a 
model LC wave function with reasonable constraints. We show that it is substantial to take 
&t dependence in the wave function into account and to keep the transverse momentum 
dependence fully in the hard scattering amplitude in the kr factorization formalism within 
the LC framework. 

The purpose of this paper is to reanalyze the effects coming from the higher-helicity 
components of the pion wave function within the framework of LC PQCD and the k^ fac- 
torization formalism, then give a comparative study on the contributions from different 
helicity components within the soft and the hard region respectively. In section II, based on 
the kr factorization formula, the hard scattering amplitude is given within the LC frame- 
work. In section III, with a model LC wave function, the hard contributions from different 
helicity components of pion are analyzed. Section IV is devoted to give a discussion of the 
soft part contribution, especially on the contribution from different helicity components. 
Conclusion and a brief summary are presented in the final section. 



II. HARD SCATTERING AMPLITUDE WITH k T DEPENDENCE 



In the light cone quantization, t 
the Drell-Yan-West (q + = 0) frame 



re pion form factor can generally be expressed by using 

3, 



F^Q 2 ) = i> <g> i> = ]T J [dxi][dk iA _} n y* n (xi, ku_, Xi)^ n (x h k i± + 5 { q ± , A*), 

71, Ai 



(2) 
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where the summation extends over all quark/gluon Fock states which have a non- vanishing 
overlap with the pion, \fr n are the corresponding wave functions which describe both the 
low and the high momentum partons, [rf^i][rfA;jj_] n is the relativistic measure within the 
n-particle sector and 5i — (1 — Xj) or (— Xi) depending on whether i refers to the struck 
quark or a spectator, respectively. From Eq.(J2J) and the factorization formula Eq.(£Q), at 
higher momentum transfer, the hard contribution to the pion form factor can be written 

FAQ 2 ) = J [dxp y p 2 kj[d 2 ^ 

(3) 

where the ellipses represent the higher Fock states' contributions, [dx] = dx^Sil — X\ — x 2 ) 
and [d 2 kj = <i 2 k^/167r 3 . tp^ 1 ~ x ^(x,'k±, X) is the valence Fock state LC wave function 
with helicity A and with a cut-off on |kj_| that is of order (1 — x)Q. Such a cut-off on |kj_| 
is necessary to insure that the wave function is only responsible for the lower momentum 
region. T# contains all two-particle irreducible amplitudes for 7* + qq — > qq and should be 
calculated from the time-ordered diagrams in LC PQCD. In the light cone gauge (A + = 0), 
the nominal power law contribution to F n (Q 2 ) as Q — > 00 is F 7T (Q 2 ) ~ l/(Q 2 ) n_1 under 
the condition that n quark or gluon constituents are forced to change direction. Thus only 
the qq component of if)(V-~ x 'Q> (x , k±, A) contributes at the leading l/Q 2 . 

The lowest-order contribution for the hard scattering amplitude T# comes from the one- 
gluon exchange shown in FigCJ To simplicity our notations, we separate the spin-space 
wave function x K { x i kj_, A) out from the whole LC wave function, i.e., ip^ l ~ x ^{x, kj_, A) — > 
X K ( x j X)(p ( - 1 ~ x ^(x, k^, A) and then combined the spin-space wave function x K ( x i ^) 
into the original Tjj to form a new one, i.e., 

T H = ^iTi, Al+A2=0) (TI^TI) + eiTi Al+A2=0) (IT^lT) +e 2 Ti, Al+A2=1) (TT^TT) + 

ff^^aHU) , (4) 

where A12 are the helicities for the (initial or final) pion's two constitute quarks respec- 
tively, 6 = 2[m 2 +k 2ji?2 2 [m2+li]1 /2 and 6 = a^+kiiv^+j-jji/a are two coefficients derived 
from x K { x -> k±,A). The spin space wave function x K ( x i kj_,A) which comes from the spin 
space Wigner rotation can be found in Ref.^J. Because both photon and gluon are vec- 
tor particles, the quark helicity is conserved at each vertex in the limit of vanishing quark 
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FIG. 1: Six leading order time-ordered Feynman diagrams for the hard scattering amplitude, where 
pi = (xi,k ± ), p 2 = (x 2 ,-kj_), p[ = (yi,yiq_L + U), p' 2 = (2/2,y2q± - 1_l)- 



mass[2j. Hence there is no hard-scattering amplitude with quark and antiquark helicities 
being changed. 

To simplify the hard scattering amplitude, we adopt the standard momentum assignment 
at the "infinite- momentum" frame Q], 



P n = (P+, P~, P ± ) = (1, 0, ± ), q= (0, q 2 ± , q ± ) 



(5) 



where P + is arbitrary because of Lorentz invariance and the square of the momentum transfer 
Q 2 = —q 2 = q^. Using D to denote the "energy-denominator" in the 6 Feynman diagrams 
(x + -ordered diagrams), all the needed "energy-denominators" are listed in the following (jj, 

(x 2 q_L + k ± ) 2 [y 2 (x 2 q ± + kj.) - x 2 l±] 2 



D 21 
D 32 



X\X 2 

(x 2 q ± + k ± ) 2 



x 2 y 2 (yi - X!) 



x x x 2 

l ± [y2(x 2 ClL + k ± ) -X 2 \±} 2 



ym x 2 y 2 (yi-xi) 
ki [y 2 (x 2 ci± + kj.) - x 2 l ± ] 2 



D 22 — D12 , 
An = D n , 



xix 2 x 2 y 2 {yi - x x ) 

Di,j(x ^y,k L ^ -1 ± ), (z = 1, 2, 3; j = 1, 2) 



(6) 

(7) 

(8) 

(9) 
(10) 



A+3,j 

where the last equation comes from the charge symmetry. With the help of the above 
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equations, the hard scattering amplitude can be shortly expressed as, 



T, 



^ 1+ A 2)= ^^ T (A 1+ A 2 ) +T (A 1+ A 2)+T (A 1+ A 2 )^ + |^ ^ M, (H) 

where the three terms in the parentheses, which correspond to FigO a > Fig^b and Fig^c 
respectively, can be written as 

t (a 1+ a 2) = N^+^efa-xJ m in _ -4 9( yi - Xl ) 

D U D 12 yi-xi ^ a ' a D 12 (y 1 -x 1 )* 1 { 1 

^(a 1+ a 2) _ N^+^ejxt-y!) in in _ -4 9( Xl - yi) 

~ d 21 d 22 Xl - yi +h > h -D 22 ( yi - Xl r { } 

T (A 1+ A 2 ) = iV (Al+A2) %l-^l) (u) 

D 31 D 32 yx-xx ' K ' 

Here T™ and T b m represent the contributions from the instantaneous diagrams in the light- 
cone PQCD. The numerator j\K Al+A2 ) is the sum of some spinors and 7 matrixes and for the 
usual helicity components (Ai + A 2 = 0), 

jy(Ai+A 2 =o) = 2 ( x 2 {xix 2 + yxy 2 ) \ _ k2 / (xxx 2 + yiy 2 ) \ _ ^ / (x x x 2 + y x y 2 ) \ 

q \ ^1(2/1 — ^i) 2 / L \x\x 2 {y x -»0 2 / \ 2/12/2(2/1 -^i) 2 / 

-(2qu " k ± ) f (Xl / X2 + ^ 2 9 ) ') + (cu • U) ( ^±MgK^l±^^| + 



£1(2/1 -xi) 2 ) \ xiyiy 2 (yi-x 



« _ j x / (gigg + j/i^/2) (a^S/i + gjjfe) \ ± i ( [x 2 - yi)(l ± x (k ± + x 2 q±) \ 
X V xix 2 yiy 2 (yi - xi) 2 J \ x x x 2 y x y 2 / 

where the plus sign corresponds to (TJ,— ►Tl) an d the minus sign corresponds to (IT - ►it)- 
And for the higher helicity components (Ai + A2 = ±1), 

iy( A 1 +A 2 =±i) = _ q2 ( X2(x 2 y 1 +3:12/2) \ _ k 2 / (x 2 yi + x x y 2 ) \ _ l2 / (ggyi + gjjfe) A 

\ #1(2/1 - £i) 2 / - 1 \xix 2 (yi - £i) 2 / ^ \ 2/12/2(2/1 - ^i) 2 / 
,0 1 n / (^22/1 + ^12/2) ^ , , , v / (^22/1 + ^i2/2) 2 \ 

( k± . 1J f (Mi+£l^i; ) ± i ( (lxx(k ± + x 2 qj \ 
V ^1^22/12/2 (2/1 - £i) V V x x x 2 y x y 2 J 

where the plus sign corresponds to Ai + A 2 = 1 ( T T — ^ T T ) an d the minus sign corresponds to 
Ai + A 2 = -1 (||^||). 

In order to further simplify the hard scattering amplitude, we adopt the following two 



prescriptions: 1) It is pointed out in Ref. 



that when one concerns with the effect from the 



intrinsic transverse momenta, the terms proportional to the "bound energies" of the pions 



7 



in the initial and final states i.e. ~ \t\/(xiX2) and ~ lj / (y-\V?) can be ignored to avoid the 
involvement of the higher Fock states' contributions j40|. 2) Notice that in the factorization 
expression for the pion form factor Eq.(j3J), we have -C and 1} < q^. Hence when 
calculating Tjj to the next-to- leading order in 1/Q, we can safely neglect the terms such as 
kj_/q^_ and 1^/qi in both the "energy denominators" and the numerator N^ Xl+X2 \ 

The natural variable to make a separation of perturbative contributions from those intrin- 
sic to the bound-state wave function is the LC energy in the LC perturbative expansion P. I20I] . 

Under such condition, the two energy flow f— ( X2q±+kj -) \ an d (— fa 2 ^ 2 ^"^- 1 -)" 3 - 2 '- 1 -) \ j n the 

' OJ V X1X2 j V £22/2(2/1— x\) ) 

gluon propagator should be large, otherwise we can't apply the PQCD, i.e., 

(x 2 q^ + k ± ) 2 » (ki) ~ A 2 

and 

(y 2 (x 2 q± + k ± ) - x 2 LJ 2 » (ki), (l 2 ) ~ A 2 

are the conditions which make the PQCD applicable, where A, being of 0(Aqcd), represents 
a hadronic scale. 

Applying the above two prescriptions, we finally obtain 

rp^ _ ji(Ai+A 2 =0) _|_ ji(Ai+A 2 =±l) (17) 

with 

„(Ai+a 2 =o) 16^iirC F a s (Q 2 ) 2 2 x 

* = ^_ x) ^_ y)xy x (((* - i)<u - 2k ^ • <u)( 21 ^ • ol + (y - i)q± )) 

((x - 1)(21 ± • cu + (y - l)q ± 2 ) - 2(y - l)k ± ■ q^ 1 x 

^2(3/ - 1)2/(1 - 2/ + x(2y - l))(k ± • q ± ) 2 + (x- l)x(2l ± ■ qu + (# ~ ±W) • 
((1 _ y + x(22/ _ i))(i ± . q± ) + 2 (x -l)(y- 1 W) - 

(x - l)(y - l)y(k ± ■ cu) ■ (&r(l ± - q±) + (1 - y + x(6y - 5))q ± 2 )) , (18) 

and 

„(Ai+a 2 =±i) 8(6 + £ 2 )7rA 2 CVa s (Q 2 ) 2 2 w 

T h = (1 _ x)(1 _ y):Ey x (d x ~ X )<U " 2k ^ ■ <u)( 21 -L • Oi + (2/ - 1)<U )) 

((a - 1)(21 ± • q ± + (y - l)q ± 2 ) - 2(y - l)k ± • q^ 1 ^2(z - l)x(l ± • q ± ) 2 + 
(y - l)(2y(k ± • q ± ) 2 + (z - l)(x(l ± • qj - y(k ± • qx))q± 2 )l . (19) 



After doing a simple transformation, one may find that the obtained hard scattering ampli- 
tude for the higher helicity components (Ai + A2 = ±1) coincides well with the one obtained 
111 Ref.Q , while the hard scattering amplitude for the usual helicity components (Ai + A 2 = 0) 
is different from others after including all the kr dependence in the LC PQCD framework. 
Due to the complicated integral in Eq.(jHJ), Ref.|9| didn't give the numerical results for the 
higher helicity contribution of the pion form factor. We will apply the VEGAS program 
to evaluate the hard contribution in the next sections. 

From Eqs. ([18|19|h ignoring the k± dependence, we obtain 

j,(Ai+a 2 =o) _ j,(Ai+A 2 =o) /| _|_ y( A i+ A 2=°)m_^||) _ ^C F a s (Q 2 ) 



X2V2Q 2 

T (A 1+ A 2 =±1) = T (A 1+ A 2 =1) (TT _ >TT) + T (A 1+ A 2 =-1) (U ^ U) = Q (2Q) 

It can be found from Eqs. (jl9l20|) that the leading contribution from the higher helicity 
components is of order 1/Q 4 , which is next-to-leading contribution compared to that of the 
ordinary helicity components. 



III. HARD CONTRIBUTION TO THE PION FORM FACTOR 

In order to get the hard contribution for the pion form factor from Eq. (J3J) , we need to 
know the soft hadronic wave function. Several important non-perturbative approaches have 
been developed to provide the theoretical predictions for the hadronic wave functions [lI 
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y 



21 



22 



23 



24|. One useful way is to use the approximate bound state solution of a 
hadron in terms of the quark model as the starting point for modelling the hadronic valence 
wave function. The Brodsky-Huang-Lepage (BHL) prescription |20| of the hadronic wave 
function is in fact obtained in this way by connecting the equal-time wave function in the 
rest frame and the wave function in the infinite momentum frame. In Ref. jlj], based on the 
BHL prescription, a revised LC quark model wave function has been raised that can give 
both the approximate asymptotic distribution amplitude and the reasonable valence state 
structure function which does not exceed the pion structure function data simultaneously. 
So in the present paper, we will use this revised LC quark model wave function for our latter 
discussions, i.e. 

tt(a,ki) = ^bhl(x, k ± ) X K (x,k ± ) = Aexp[- 8 ^^^ ] X y (x,k ± ), (21) 



with the parameters, the normalization constant A, the harmonic scale (3 and the quark 
mass m to be determined. With the help of the model wave function, from Eq.Q, we can 
obtain the leading-twist hard part contribution to the pion form factor. From Eq. (jl8|) we 
obtain the contribution from the usual helicity components (Ai + A2 = 0), 



8irA 2 ^ 1 C F a s (Q 2 ) ( m x (i-x) + y (i- y ) 



(l-x)(l-y)xy M 8(3 2 
x(x + y-2xy-l) | y(x + y - 2xy - 1) | 



x 



;i - x)q ± 2 + 2q ± ■ k ± (1 - y)q ± 2 - 2q ± • 1 ± 



x + y — x 2 — y 2 



(22) 



2(1 - y)q ± ■ k ± - 2(1 - x)q ± ■ 1± + (1 - x)(l - y)qx 2 7 
and from Eq.(|19p we obtain the contribution from higher helicity components (A1 + A2 = ±1 

f (a 1+ a 2=± i )(q2) = f dxdy[<Pk ± ][<Pl ± ] A * A y 2 tMgWg!) x eX p (- + 
J [l-x)(l-v)xv 



(l-x)(l-y)xy \ 8(3 

x -y 



[1 - x)q ± 2 + 2q ± • k ± (1 - y)q ± 2 - 2q ± • l ± 
x + y — 2xy 



f- 

(23) 



2(1 - y)cu ■ k ± - 2(1 - x)q ± ■ l ± + (1 - x)(l - y)q ± 2 
By integrating over the azimuth angles for k^ and lj_ with the integration formula shown 
in the Appendix, the above six dimensional integration can be reduced to four dimensional 
integration, which can then be dealt with by numerical calculation with the help of the 
VEGAS program. 

Integrating over the azimuth angles for k^ and we obtain the contribution from the 
usual helicity components (Ai + A2 = 0), 

m 2 + |k ± | 2 _|_ m 2 + |l ± | 2 
x(l-x) ' 

32ir 3 xy ^ \ 8/3 



Fi^\Q 2 ) = J dxdyd^ ^ lC ^ )|k±l|U| exp [~^-^ ^ 



x 



x(x + y-l- 2xy) + y(x + y - 1 - 2xy) ^ x + y - x 2 - y 2 . 

(l-x^l-r) 2 (l-y)JT^i (i-xXi-y^i-jfiy/i-jg 

and the contribution from the higher helicity components (Ai + A2 = ±1), 



cl (Ai+A 2 =±i) /ra\ [ j a a a ^ 2 ^3CFa s (Q 2 )|k ± ||m / x{1 ^ x) + y ^ y ) 
Fy >(Q ) = - J dxdydriidrk exp I * ^ 



x 



{x + „ _ 2xy) (l-V^)(l-yT^_ I , (25) 
(1 -x)(l -y^iW 1 -Vi V 1 ~vh 
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FIG. 2: The hard contribution to the pion form factor Q 2 F W (Q 2 ). The dotted line stands for the 
contribution from the usual helicity (Ai + A2 = 0) components, the dashed line stands for the 
contribution from the higher helicity (Ai + A2 = ±1) components and the solid line is the total 
hard contribution, which is the combined result for all the helicity components. 

where £ 3 = [m2+k J ] k 1 /i[^i + i^ ] i/2 , |kj_| = Q(l - x)r] 1 /2 and (lj = Q(l - y)rj 2 /2, with ^ 1)2 in 
the range of (0, 1). In Eq. (j25j) . there is an overall minus sign and because the integrand is 
always positive, we can draw the conclusion that the higher helicity components will always 
suppress the contribution from the usual helicity components. 

With the help of the LC wave function Eq. (J21|) and its parameter values shown in Eq. (J36j) . 
we show the pion form factor with or without the higher helicity components in Fig|21 One 
may observe a large suppression comes from the higher helicity components for the pion 
form factor as compared to the prediction obtained in the original hard scattering modeljl7|. 
This large suppression was obtained by Ref. 3] with a quite different picture. They argued 
that the transverse momentum in the quark propagator is of small contribution (about 
15% 0, |s7|). The hard-scattering amplitude, after neglecting the transverse momentum 
dependence in the quark propagator, was taken to be 

(a 1+ a 2 =±i) = (a 1+ a 2 =o) = VC F Q 2 ^oo Ag 2 C F Ag 2 C F (k ± - 1 ± ) 2 

H " H x 2 y 2 Q 2 + (ki - U) 2 ~ x 2 y 2 Q 2 + (x 2 y 2 Q 2 ) 2 

(26) 

It can be seen from Eq. (j26jl that the asymptotic (Q 2 — > 00) behaviors of the two helicity 
states are directly with opposite signs and both states make the contribution at the order 
of 1/Q 2 - However it is not a right argument and it is this factor that causes the asymptotic 
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behavior of higher helicity contribution is of order 1/Q 4 other than 1/Q 2 . In the present 
work, we have considered the kx dependence both in the wave function and in the hard 
scattering amplitude consistently within the LC PQCD approach, then our results have a 
right power behavior for the higher helicity components' contributions. 



IV. A DISCUSSION OF THE SOFT CONTRIBUTION TO THE PION FORM 
FACTOR 



In the above sections, we have shown that the inclusion of the higher helicity components 
suppresses the hard scattering contribution at moderate Q 2 . In order to compare our pre- 
dictions with the present experimental data, we need to know the contribution from the soft 



B, 28, 29,0 



as an 



part. Since this part is model dependent and is still under progress [21 
example, we consider the soft contribution to the pion form factor with the model LC wave 
function shown in Eq. (j21|) and study the different helicity components' soft contribution to 
the pion form factor separately. 

For the soft part contribution, we havejlf]] 

F° + {Q 2 ) = J o 1 dxJ^Y,**^ k ±^)*^ k '±A') + ---, (27) 

where A, A' are the helicities of the wave function respectively, and the first term is the 
lowest order contribution from the minimal Fock-state and the ellipses represent those from 
higher Fock states, which are down by powers of 1/Q 2 and by powers of a s . 
Taking the LC wave function as is shown in Eq. (}2~T]) . we obtain 

*MQ 2 ) = P A. [ ^ , + ^ x A > exp I k i + ™ 2 k 'i + ™ 2 ^ 



(I 



16tt 3 J m 2 + k\^m 2 + k' 2 ± \ 8/3 2 x(l - x) 8(3 2 x(l - x) J ' 

(28) 



where k'^ = + (1 — x)q_i_ for the final state LC wave function when taking the Drell 
Yan-West assignment . We proceed to integrate the transverse momentum kj_ in Eq 
with the help of the Schwinger a— representation method, 

1 1 roo 



A K r(re) 

Doing the integration over kj_, we obtain 



o 



a R - Y e~ aA da . (29) 



FMQ 2 )- CdxTdX ^ (_ 8m 2 (l + \y + Q 2 (l-xn2 + \(4 + \)y 

h Jo A 1287r2(l + A)3 eXP 1, 32(l-x)x/? 2 (l + A) 
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x u, ( ^-(iTx) ( 32<i ■ 1)1/32(1 + a) ■ q2(i - 1)2(2 + a(4 + a)) 

+8 ™ 2(1+a)2 )- / '(I^tt|)« 2(1 -^ a2 )- (30) 

where the I n (n = 0, 1) is the modified Bessel function of the first kind. After taking the 
expansion in the small Q 2 limit, we obtain the probability, 

P„ = F„' + (Q 2 )| s.„ = J dx-^\*(x,k L )f 
and the charged mean square radius (r^ + ) g ^jsJ|, 



<9Q 2 





1 dx r dX ^ exp (- m2{1 \ X l ) (1 - x){2 + 4A + A 2 ] 

Jo 256vr 2 x/3 2 (l + A) 3 V 4(1 - x)x/? 2 ' 

x f 8(1 - x)x/3 2 + m 2 (l + A)^J . (32) 

In the above two equations, one may observe that the terms in the big parenthesis that are 
proportional to m 2 come from the ordinal helicity components, while the remaining terms 
in the big parenthesis are from the higher helicity components. 

The parameters in the wave function can be determined by several reasonable con- 
straints Q]. Two constraints can be derived from ir — > \w and 7r° — > 77 decay ampli- 
tude Q: 

Jo dx I T^* {x > k±) = ^ 2v/ ^' ( 33 ) 



and 



f 1 dxV(x, k ± = 0) = VS/U, (34) 
Jo 



where f n is the pion decay constant: (0|g(0)7 + 75<"/(0)|P) = if n P + , the experimental value 

I I 

of which is 92.4±0.25MeV r [25]. Experimentally the average quark transverse momentum of 
pion (k^)^ is approximately of the order (300Mel^) 2 (2^. The quark transverse momentum 
of the valence state in the pion is defined as 

(k 2 ) - fdx d2k± i k 2| M^iM^ m) 

{*±) qq -J dx {167r) s\ k ±\ Pq _ > W 
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and it should be larger than (k 2 j_) n . We thus could require that J (k^_) g( j has the value of 
a few hundreds MeV, serving as the third constraint. Using the constraints and the model 
wave function Eq. (j21j) . we obtain, 

m = SlOMeV ; (3 = 396MeV; A = OmOMeV' 1 , (36) 

for (k^_) w (367 MeV) 2 . And by using the above parameters, we obtain 

(rl + )w = 0.216/m 2 , (37) 
Pqq = P4- 1+A2=0) + P^ 1+X2=±1) = 0.744 . (38) 

The value of (r 2 + ) qq is in nice agreement with the ones obtained in Ref.jjyj 32]. In fact, 
we have used the same monopole ansatz see in 

Ref.HQ- 

It is shown that the valence 

quark radius is smaller than the experimental value of the pion charged radius ((0.671 ± 



0.008/m) |25(). Therefore the valence portion of a hadron is more compact than the hadron 
radius. For the probability of finding the valance states in the pion, we have (Pg ( Al+A2_0 ' ) = 
0.398) for the usual helicity components and (Pq ( Al+A2_±1 ' ) = 0.346) for the higher helicity 
states, which show that the higher helicity components have the same importance as that 
of the usual helicity components. It has been shown that even though we have added the 
contributions from the higher helicity states, the probability of finding the minimal qq Fock 
state in pion is still less than unity, i.e. (P q g = 0.744) < 1. This is shown clearly in Fig|31(a), 
so it is necessary to take the higher Fock states and the higher twist terms into consideration 
to give a full understanding of the pion form factor at the energy region Q 2 — > 0. It should 
be noticed that if one normalizes the valence Fock state to unity without including the 
higher helicity components, then the soft and hard contributions from the valence state can 
be enhanced and become important inadequately. 

The result for the soft contribution to the pion form factor is shown in FigJSJ From 
FigEl(b), one may observe a quite different behavior from that of the hard contribution for 
the higher helicity components (X1 + X2 = ±1)- In the energy region Q 2 < lGeV 2 , the higher 
helicity components give a large enhancement (the same order contribution) to usual helicity 
(Ai + A2 = 0) components and after that the higher helicity components' contributions will 
decrease with the increasing Q 2 . At about Q 2 ~ AGeV 2 , the higher helicity components' 
contributions become negative and as a result, the net soft contribution will then decrease 
fast with the increasing Q 2 , which tends to zero at about Q 2 ~ 16GeV 2 . 
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Q 2 (GeV 2 ) Q 2 (GeV 2 ) 

(a) (b) 
FIG. 3: The soft contribution to the pion form factor. Left is for the pion form factor F^^Q 2 ), 
while the right is for Q 2 F 7T (Q 2 ), where the contribution comes from all the helicity components are 
shown in dashed line, the contribution from the ordinal helicity component Ai + A2 = is shown 
in dotted line and the contribution from the higher helicity components Ai + A2 = ±1 is shown in 
dash-dot line. The experimental data is taken from[ 



>0 

O 

o 



o 



Q 2 (GeV 2 ) 



FIG. 4: The combined results for the pion form factors Q 2 F W (Q 2 ). The solid line stands for the 
contribution from the hard part, the dotted line stands for the contribution from the soft part, the 
dashed line is the total Pion form factors and the dash-dot line is the usual asymptotic result. The 
experimental data are taken from 36]. 
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We show the combined results that come from the hard scattering part and from the soft 
part for the pion form factors Q 2 F 7T (Q 2 ) in Fig0J where for comparison, the experimental 



data [36j and the well-known asymptotic behavior for the leading twist pion form factor 
have also been shown. It it shown that the soft contribution is less important as Q 2 > 
a few GeV 2 , since we have taken the correct normalization condition Eq. (J38|) and considered 
the suppression effect from the higher helicity components. One may observe that our present 
result for the pion form factor is lower than the experimental data, it is reasonable since we 
have not taken the higher twist effects and the higher order corrections into consideration. 
The next-to-leading order correction will give about ~ 20 — 30%^j] extra contribution to 
the pion form factor, while the twist-3 contribution is comparable with the leading twist 
contribution in a large intermediate energy region (~ 1 — AOGeV) 10] 41]. 



V. SUMMARY AND CONCLUSION 



In this paper, the transverse momentum effects and the higher helicity components' 
contributions to the pion form factor are systematically studied based on the LC framework 
and the kx factorization formalism. Both collinear and kx factorization are the fundamental 
tools for applying PQCD to the pion form factor since they can separate the calculable 
perturbative contributions from the non-perturbative parts that can be absorbed into the 
bound-state wave functions. The kx factorization theorem has been widely applied to various 
processes and the k? factorization theorem for exclusive processes in PQCD has been proved 
by M. Nagashima and H.N. Li. Thus it provides a scheme to take the dependence of the 
parton transverse momentum kr into account. Ref.jsJ shows that the end-point singularity 
can be cured by resuming the resultant double logarithms a s In 2 knp into a Sudakov form 
factor and then the PQCD analysis can make sense. In fact, the Sudakov effects have a 
small effects for the pion form factor in the region where experimental results are available. 
We note that there are k^ dependence in the wave function in the h? factorization and it 
generates much larger effects than the Sudakov suppression to the hard scattering amplitude 
in the present experimental Q 2 region. Our results show that it is substantial to take kx 
dependence in the wave function into account. 

The light cone formalism provides a convenient framework for the relativistic description 
of the hadron in terms of quark and gluon degrees of freedom, and the application of PQCD 
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to exclusive processes has mainly been developed in this formalism. In the present paper, we 
have given a consistent treatment of the pion form factor within the LC PQCD framework, 
i.e. both the wave function and the hard interaction kernel are treated within the framework 
of LC PQCD. Taking into account the spin space Wigner rotation, one may find that there 
are higher-helicity components (Ai + A 2 = ±1) in the LC spin-space wave function besides the 
usual-helicity components (Ai + A2 = 0). We have studied the higher helicity components' 
contributions to the hard part and the soft part of the pion form factor by using the light 
cone PQCD approach with the parton's transverse momentum kx included. We find that 
the asymptotic behavior of the hard-scattering amplitude for the higher-helicity components 
including the transverse momentum in the quark propagator is of order 1/Q A which is the 
next to leading order contribution compared with the contribution coming from the ordinary 
helicity component, but it can give sizable contribution to the pion form factor at the 
intermediate energies. 

In order to compare our predictions with the experimental data, we need to know the 
contribution from the soft part. As an example, we have considered the soft contribution 
to the pion form factor with a reasonable wave function in the LC framework. Our results 
show that the soft contribution from the higher helicity components has a quite different 
behavior from that of the hard scattering part and has the same order contribution as 
that of the usual helicity (Ai + A 2 = 0) components in the energy region (Q 2 < lGeV 2 ). As 
Q 2 > lGeV 2 , the higher helicity components' contributions will decrease with the increasing 
Q 2 . At about Q 2 ~ AGeV 2 , the higher helicity components' contributions become negative 
and as a result the net soft contribution to the pion form factor will then decrease with the 
increasing Q 2 , which tends to zero at about Q 2 ~ 16GeV 2 . Thus the soft contribution is 
less important in the intermediate energy region. Although the soft contribution is purely 
non-perturbative and model-dependent, our results show that the calculated prediction for 
the pion form factor should take the kr dependence in the soft and hard parts into account 
beside including the higher order contribution. Therefore one needs to keep the transverse 
momentum in the next leading order corrections and to construct a realistic kx dependence 
in the hadronic wave function in order to derive more exact prediction to the pion form 
factor in fc r factorization. 
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APPENDIX A: INTEGRATION FORMULA 

The error function is defined as 



Erf(x) = ^= f e~ t2 dt . (Al) 

V 7T JO 



An important property for the error function is lim^. Erf(x) = 1. 

Second we list some useful formula that are needed for integrating over the azimuth angle 
of the momenta and lj_ and then reduce the integration dimension from six to four. And 
the remaining four dimensional integration can be done numerically. 

By using polarization coordinate, we have 

[dki][<fll] = kldkdld6dp/(167T 3 ) 2 , (A2) 

where k, I and 9, p are the module and azimuth angle of k^ and lj_ respectively. By using 
the following formula, the integration over the azimuth angle can be done analytically. 

r2ir d6 2n 

fliAB) = L A + Bcos(9) = ^A + BKA-B)' ^ 

h(A, B) = r - = *H ( 1 - - = ) , (A4) 

, , „ , f 2w sin(0)d0 , . \ 

/3 <- 4 ' B » = i a + bL { 0) = < A5 > 

Jo Jo A + Bcos{9) 
f(A r c\ f 2W f 2W cos(9-p)d9dp 

f 5 (A,B,C)-j o J q A + Bcos(d) + Ccos{p) , (AT) 

where A, B and C are functions that are free from 9 p. The result for the function / 5 is 
very complicated and for simplicity it's explicitly form will not be listed here. However, by 
adding a small component (BC cos(0) cos(p)) (for the integration we need to deal with, we 
have BC « A, which corresponding to kj_ • lj_ << q^_), it can be solved approximately, 

MA b,o» I" r rr-i^y^ ,» = M± m(A, O . (A8) 

jo Jo (A + B cos(v))(A + C cos(p)) 
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There one may notice that under the present approximation, the actual azimuth angle ,i.e. 
a, for will not affect the final integrated results due to the fact that after integration 
over 9 and p, it will always accompanied by a factor (cos(a) 2 + sin(o;) 2 ) = 1. 

After integrating over the azimuth angle, we can change the integration over the radius 
of kj_ and lj_ to two dimensionless variables rji and i] 2 that are within the range of (0, 1) 
through the relation 

|kj = Q(l - x)rn/2 , |U| =Q(l-y)rj 2 /2. (A9) 

The relation is so choosing as to insure that all the quantities in the radical sign obtained 
by doing the azimuth angle integration are always positive. 
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